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Hysteresis and Vibration Compensation for Piezoactuators

Donald Croft¤ and Santosh Devasia†

University of Utah, Salt Lake City, Utah 84112-9208

Structural vibrations and hysteresis nonlinearities in piezoactuators have been fundamental limitations when
using these actuators for high-speed precision-positioning applications. Positioning speed (bandwidth) is limited
by structural vibrations, typically, to about one-tenth the fundamental vibrational frequency of the piezoprobe.
Further, precision in positioning is limited by hysteresis nonlinearities, which can result in signi� cant errors for
large-range positioning applications. This paper shows that signi� cant improvements in precision and bandwidth
can be achieved by using an inversion-based approach to compensate for hysteresis and vibrations in the piezody-
namics. The approach decouples the inversion into 1) inversion of the hysteresis nonlinearity and 2) inversion of the
structural dynamics, to � nd an input voltagepro� le that achieves precision tracking of a desired position trajectory.
The approach is applied to a piezoactuator, and experimental results show that an order of magnitudeimprovement
in positioning speed is achieved, while maintaining precision tracking of the desired position trajectory.

I. Introduction

P IEZOACTUATORS can achieve nanometer resolution po-
sitioning and are hence increasingly being used for ultra-

precision positioning in aerospace applications,1;2 vibration con-
trol, scanning probe microscopy for surface characterization, and
nanofabrication.3¡5 Two major limitations of present positioning
techniquesusing piezoactuatorsare 1) low operatingbandwidthdue
to positioning errors caused by structural vibrations at high speeds
and 2) low precision for relatively large-range displacements (due
to errors caused by hysteresis nonlinearities), resulting in restricted
positioning range. This paper presents a method to improve both
the accuracy and the speed of piezoactuatorsby using an inversion-
based approach to � nd the voltage input to the piezoactuators that
compensates for the hysteresis nonlinearities and the structural vi-
brations. This approach � rst decouples the system dynamics into
two separate subsystems that model 1) the hysteresis nonlinearity
and 2) the structural vibrations.These subsystems are then inverted
individually.The general theory of inverse-dynamics-basedcontrol
can be found in Refs. 6 and 7 for nonlinear systems. These re-
sults have also been extended to systems with nonminimum phase
dynamics.8;9 Of particular interest are works related to inversion of
linear dynamics in Ref. 10, which was applied to piezoactuators in
Ref. 11, whereonly the structuraldynamicsof the piezoactuatorwas
considered. In the present paper, the results in Ref. 11 are extended
to include both hysteresis and vibration effects.

A. Current Limitation: Low Positioning Speed
The bandwidth of piezoactuators is limited by the actuator sys-

tem’s lowest resonant vibrational frequency because structural vi-
brations become substantial at frequencies close to the resonant
frequency and cause signi� cant positioning errors.12 In practice,
when ultraprecision positioning is desired, these vibration-caused
errors in positioning typically restrict bandwidth to signi� cantly
low frequencies (less than one-tenth of the vibrational frequency
of the piezoactuator).12¡14 Faster positioningcan be achievedby in-
creasing the lowest resonantfrequenciesof the system, for example,
by using shorter piezotubes or piezo–plate scanners15 as actuators.
However, these tend to have limitedpositioningranges—if largedis-
placementsare required,then a largepiezoactuatoris needed(which
tends to have a relatively low resonant frequency). An alternative
approachis to improve the dynamic responsewith feedbackcontrol.
However, there are limits to the improvements achievable through
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feedback schemes because high feedback gains tend to destabilize
the system.16;17 Even with improved feedback control, turnaround
transients that occur when the directionof motion changes still sub-
stantially limit the bandwidth improvements.16;18 These transients
are proportional to the velocity changes in turnarounds, and thus
any attempt to increase scan velocities increases the transient errors
and thus decreases the accuracy of the tracking. In summary, the
structural vibrationsof the piezodynamicsneed to be accounted for
to achieve fast positioning.

B. Current Limitation: Low Precision
In addition to the problem of low positioningspeeds, another sig-

ni� cant dif� culty arises due to the hysteresis nonlinearities in the
piezodynamics.Over relatively large-rangedisplacements,hystere-
sis nonlinearities in the piezodynamics become signi� cant and, if
ignored, lead to signi� cant errors in output tracking.This hysteresis
effect needs to be accounted for to maintain precision positioning
over relatively large ranges. Present approaches to overcome this
hysteresis-caused loss of precision can be grouped into three gen-
eral categories. One set of approaches consists of controlling the
electric charge applied to the piezoactuator rather than controlling
the voltage applied to the piezoactuator.19¡20 These approaches do
alleviate some of the problems caused by nonlinearitiesand reduce
some of the rate-dependenthysteresis phenomena. Thus, these ap-
proaches improve linearity (with some penalty on sensitivity), but
they are still not suf� cient for high-precision positioning. A sec-
ond set of methods consists of using closed-loopcontrol schemes to
correct for the hysteresis nonlinearities.The improvements are lim-
ited by instabilities at high-feedbackgains and, furthermore, aren’t
suf� cient, especiallywhen tracking at relatively high frequencies.18

The third category of methods consists of modeling the hysteresis
and modifying the applied voltage to compensate for the hysteresis
effects; several approachesare available to model the hysteresis, for
example, polynomialcurves,13;21 Preisach models,14;22 and trigono-
metric functions.23 In this paper, we integrate this third approach
(to model and to compensate for hysteresis nonlinearities) with the
inversion-based approach, presented in Refs. 10, 11, and 24, that
accounts for structural vibrations, to achieve precision positioning
even at substantiallyhigh speeds.

C. Inversion-Based Approach
Recent resultshaveclearlydemonstratedthat signi� cant improve-

ments in bandwidthcan be achievedby invertingthe system dynam-
ics to � nd input voltages that compensate for structuralvibrations.11

However, these results, basedon inversionof linear systems,10;11 are
limited to small range position control. Over relatively large-range
displacements of a piezoactuator,hysteresis nonlinearities become
signi� cant and need to be accounted for to maintain precision posi-
tioning.The approach,presentedhere,decouplesthe inversionof the
piezodynamics into 1) inversion of the hysteresis nonlinearity and
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2) inversion of the structural dynamics, to obtain the feed-forward
input voltage that achievesprecisiontrackingof a desiredoutput tra-
jectory. The hysteresis is modeled as an input nonlinearity13;14;21;22

and then inverted to linearize the system dynamics. Next, the lin-
earized system dynamics are inverted10;11 to obtain precisionoutput
tracking. The inversion-basedapproach gives exact output tracking
(modulo modeling errors); in contrast, feedback-basedtechniques18

may not guarantee exact tracking even with perfect knowledge of
the system.Experimentalveri� cation is alsopresented,whichshows
that substantial performance improvements are possible. Position-
ing bandwidth was increased from one tenth of the fundamental
vibrational frequency of the piezosystem to the fundamental vibra-
tional frequency of the piezosystem (while maintaining precision
output tracking).

We present the modelingof an experimentalpiezoactuatorsystem
in Sec. II and present the inversiontechniquein Sec. III. Experimen-
tal results and discussionare in Sec. IV, followedby our conclusions
in Sec. V.

II. Modeling of the Piezoactuator
The key to an inversion-basedapproach for trajectory tracking is

the development of a model that accounts for the hysteresis non-
linearities and the dynamics of the piezoactuator. The hysteresis
is modeled as an input nonlinearity, and the structural vibration is
modeledas a linear system;these two submodelsare cascadedto ob-
tain the complete piezoactuator model. These submodels are then
inverted individually to � nd inputs that achieve tracking of a de-
sired output trajectory (see Fig. 1). A similar decoupling approach
has been followed in Ref. 25; however, the goal is only to model the
system dynamics to predict the system-responseoutput to an input.
In contrast, we solve the inverse-dynamicsproblem.

Note in Fig. 1 that the voltage applied to the piezoactuatorsystem
Va.t/ is � rst modi� ed by the hysteresismodel h. The output u.t/ of
the hysteresismodel h is a nonlinear functionof the appliedvoltage
Va.t/ and also its previous time history.14 This modi� ed signal u.t/
is then applied to the linear system G.s/, which is represented in
state-space form as

Px.t/ D Ax.t/ C Bu.t/ (1)

y.t/ D Cx.t/ (2)

where the time derivative is represented by a dot on top of the
variable, u.¢/ is the input to the linear system, x.¢/ is the system
state, and the output of the system is y.¢/.

Next, the modeling of the hysteresis and structural vibrations is
described, beginning with a description of the experimental setup.

A. Experimental Setup
The main components of the experimental system used in this

study are a sectored piezoprobe that is used for scanning (lateral
displacement) and an inductivesensor that measures this lateraldis-
placement. The lateral motion of the piezoactuator is achieved by
applyingvoltagesacrossoppositeelectrodesof the sectoredpiezoac-
tuator. The complete experimental system also includes ampli� ers
for the piezoactuator and the electronics needed to condition the
sensor outputs. The input to the system Va.t/ is the input command
to the piezoactuator’s preampli� er, and the output of the system y.t/
is the piezoactuator’s lateral de� ection, measured by an inductive
sensor.

B. Modeling of Hysteresis
The hysteresis curve for our system was obtained by applying a

triangular-shaped voltage to the piezoactuator at a low frequency

Fig. 1 Piezoactuator model with inverse.

(0.5 Hz). At low frequencies(relative to the � rst resonant frequency
of the piezoactuator system), the structural vibrations have little
effect on the output responseand are neglected.The resulting input-
output response is shown in Fig. 2a. Note that the hysteresis curves
depend on the amplitude of applied voltage and are also rate de-
pendent; these are ignored in the present work. However, even with
the signi� cantly simpli� ed models,we show that an inversion-based
approach can lead to substantial improvements in output tracking
precision.

One method used to model the hysteresis is curve� tting of the
observed hysteresis nonlinearity using polynomials.13 These poly-
nomial models can then be inverted to obtain the inverse-hysteresis
model. In contrast, we directly model the inverse hysteresis using
polynomials. The inverse of the hysteresis nonlinearity is obtained
by swapping the axes of Fig. 2a and plotting the applied voltage
Va.t/ as a function of the normalizedoutput of the hysteresismodel

a) Hysteresis nonlinearity

b) Inverse hysteresis nonlinearity

Fig. 2 Hysteresis nonlinearities of piezoactuator system.



712 CROFT AND DEVASIA

as in Fig. 2b. Note that the dc gain factor (ampli� cation between
the input voltage and the output piezoactuator displacement for a
constant input) is includedin themodelingof the linearsystemG.s/.

This inverse-hysteresis curve (which has near point symmetry
about the origin) is modeled as a third-order polynomial, with
different polynomials for the ascending and descending curves
(branches) as shown in Fig. 2b. These third-order polynomials are
given by

Va.t/ D au f f .t/
3 C bu f f .t/

2 C cu f f .t/ C d (3)

Va.t/ D au f f .t/
3 ¡ bu f f .t/

2 C cu f f .t/ ¡ d (4)

where Eqs. (3) and (4) are the input voltages to the piezosystem
for the ascending and descending branch, respectively, and u f f .t/
represents the input to the inverse-hysteresismodel (see Fig. 1).

The data were then � tted in a least-squares sense to give a D
¡0:0042, b D ¡0:0303, and c D 1:089. The d term in the pre-
ceding polynomials depends on when a change in direction of the
voltage occurs, i.e., whether the voltage changes from increasing to
decreasing or vice versa. If the direction change occurs at an input
voltage u f f .t/ D u¤, between §5V , then the constant d in Eqs. (3)
and (4) is chosen as d D du for an ascending branch, d D dl for a
descending branch, where

du D V¤ ¡ au3
¤ ¡ bu2

¤ ¡ cu¤ (5)

dl D V¤ ¡ au3
¤ C bu2

¤ ¡ cu¤ (6)

Here V¤ represents the output of the inverse hysteresismodel at the
time of the change of direction in u f f .t/ (see Fig. 1).

As an example of hysteresis inversion, consider the voltage pro-
� le presented in Fig. 3a, which will be passed through the hysteresis
inversemodel. In region I, the voltage is increasing,and in region II,
the voltage is decreasing.Thus d has to be found at the beginningof
the motion and when the input direction changes between the two
regions.

At t D 0, point A in the Fig. 3a, with zero initial conditions, i.e.,
u¤ D u f f .0/ D 0, and zero applied input voltage [V¤ D Va.0/ D 0],
d is found as

d D du D V¤ ¡ au3
¤ ¡ bu2

¤ ¡ cu¤ (7)

D 0 (8)

The input voltagefor region I (Fig. 3b) can then be determinedusing
Eq. (3), with d D 0. At the next change in the input’s direction(point
B in Fig. 3a at t D tb ), the constant d is changed to

a) Input voltage

b) Output voltage

Fig. 3 Example of applying inverse-hysteresis model.

Fig. 4 Bode plots: comparison of model with experimental results. The
fourth-order model captures the system behavior up to 185 Hz, the � rst
vibrational frequency (——, experiment, and - - - -, model).

d D dl D V¤ ¡ au3
¤ C bu2

¤ ¡ cu¤ (9)

whereu¤ D u f f .tb/, and V¤ D Va.tb/. The inputvoltagefor regionII
can then be determined using Eqs. (4) and (9), with this new value
of d . Thus for any desired input u f f .t/, the hysteresis inverse can
be determined by appropriately adjusting the constant d whenever
the voltage direction changes.

C. Modeling of Piezodynamics
Once the input hysteresis is inverted, the remaining dynamics

(structural vibrations) are modeled as a linear system; the linear
model was found experimentally using a dynamic signal analyzer
(HP3650A). The input command from the dynamic signal analyzer
was 1) passed through the inverse-hysteresismodel (implemented
using a personal computer), 2) sent to the piezoactuatorsystem, and
3) the resulting output was sent back to the dynamic signal ana-
lyzer. The Bode plot, found experimentally, is given in Fig. 4. The
linear system was modeled as a fourth-order linear system, which
includesthe � rst two modes of vibrationof the piezosystem.Higher-
frequency modes can also be included, with added complexity, to
improve the accuracy of the model. The present paper will show,
however, that even by using a low-order model to � nd the linear
system-inverse, it is possible to substantially improve the position-
ing speed of the piezoprobe system. Observe in Fig. 4 that 1) the
fundamentalvibrationalfrequencyis at 185 Hz and that 2) the Bode
plots (model and experiment) start to deviate signi� cantly near this
fundamentalmode of vibration (185 Hz).

The resulting transfer function from the dynamic signal analyzer
model can be written in state-space form as

Px.t/ D Ax.t/ C Bu.t/ (10)

y.t/ D Cx.t/ (11)

with the state-space matrices de� ned as

A D

0 1 0 0

0 0 1 0

0 0 0 1

¡2:0659 £ 1013 ¡5:6453 £ 108 ¡1:5967 £ 107 ¡164:28

B D [0 0 0 1]T

C D [9:1521 £ 1012 1:6867 £ 108 2:9992 £ 106 0]
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Note that theprecedingstate-spacemodel is in the � rst companion
form26 and that there are four poles and two zeros. It is also easily
veri� ed that the poles of the system are all in the open-left-half
complex plane, and hence the system is stable.

This completes the modeling of the piezoactuator dynamics. To
summarize, the hysteresis and vibrations are modeled as cascaded
subsystems; the inverse hysteresis is modeled using Eqs. (3) and
(4), and the resulting linearized system is modeled using Eqs. (10)
and (11).

III. Inversion-Based Output Tracking Scheme
Given a desired position trajectory yd .¢/, the inversion problem

is to � nd an input-voltagetrajectory that achieves exact tracking of
the desired output trajectory. This inversion is decoupled into two
subproblems: 1) the inversion of the hysteresis input nonlinearity
and, having done that, 2) the inversion of the linearized system.
This approach is represented in Fig. 1.

The inverse-hysteresismodel is determinedusing the polynomial
approach described in Eqs. (3) and (4). The inverse for the linear
model, G.s/, is described next.10;11;24

Given a desired position trajectory yd .¢/, the problem is to � nd
an input-voltage trajectory u f f .¢/ and a state trajectory xref.¢/ such
that the system equation (10) is satis� ed and the position trajectory
is achieved exactly, i.e.,

Pxref.t/ D Axref.t/ C Bu f f .t/ (12)

yd.t/ D Cxref.t/ (13)

This is done by repeatedly differentiating (with respect to time)
the output y.t/ D Cx.t/ in Eq. (11) until an explicit relationship
appears between the input and the output. The � rst time derivative
of the output yields

Py.t/ D C Px.t/ (14)

D C[Ax.t/ C Bu.t/] (15)

D CAx.t/ (16)

where it can be checked that C B D 0. Hence the dependenceof the
output’s � rst time derivativewith respect to the input is not explicit.
The output is differentiated, again, to get

Ry.t/ D CA Px.t/ (17)

D CA[Ax.t/ C Bu.t/] (18)

D CA2x.t/ C C ABu.t/ (19)

with C AB nonzero for the present system; this is to be expected
because the system (10) has a relative degree of 2 (Ref. 24), i.e.,
the number of poles minus the number of zeros is 2. Equation (19)
is an explicit relationship between the output and the input. Thus
the inverse input u f f .¢/ that maintains exact tracking y.¢/ D yd.¢/
satis� es the relationship

Ryd D CA2x.t/ C CABu f f .t/ (20)

and yields the inverse input as

u f f .t/ D .CAB/¡1 Ryd .t/ ¡ C A2x.t/ (21)

Note that the desired position trajectories have to be twice differ-
entiable to apply the inversion for exact tracking as shown earlier.
This is a necessary condition for exact tracking.24

The inverse of the linear system u f f .t/ is then passed through
the inverse-hysteresismodel using Eqs. (3) and (4) to determine the
voltage Va.t/ that should be applied to the piezoactuator.

Feedback-based error correction, to correct for modeling errors
or to increaseconvergenceof nonzero initial error, can also be added
to improve output tracking.11

IV. Results and Discussion
Five sets of experimentswereperformed:1) applying yd.t/ scaled

upby thedcgain of theuncompensatedsystem, i.e.,without hystere-
sis or vibrational compensation; 2) using only hysteresis compen-
sation without the vibration compensation;3) using only hysteresis
compensationwithout the vibration compensation but with Propor-
tional Derivative (PD) feedbackcontrol; 4) using both vibrationand
hysteresiscompensation;and 5) using both vibration and hysteresis
compensation with PD feedback control.

The desired output trajectory (displacement trajectory) was cho-
sen as a back and forth scanningwith the piezoactuatorand is shown
in Fig. 5. Because a twice differentiable position trajectory is re-
quired, � rst an appropriate acceleration pro� le was chosen (see
Fig. 5), and then the acceleration was integrated twice to deter-
mine the position trajectory.Output redesign27 to optimally choose
the desired scan path is also possible but was not done for this ex-
ample. Also note that the desired position scan trajectory contains
frequencycomponentshigher than the scanning frequency; this im-
plies that it is important to model the higher-frequencydynamics of
the piezosystem(even beyond the scanning frequency).

The results of the trajectory-trackingexperiments are shown in
Figs. 6–10. The applied voltages at 37 Hz, for each of the cases
described earlier, are compared in Fig. 11. Note that without vibra-
tion or hysteresis compensation, the scan-path tracking is reason-
able at low scan rates (18.5 Hz, i.e., one-tenth fundamental mode
of vibration) (see Fig. 6); however, the effects of hysteresis and
structural vibrations are clearly visible even at these low scanning
frequencies. In Fig. 7, the low scan-rate (18.5 Hz) tracking per-
formance is improved by using the hysteresis compensation (the
rms error was decreased by 20%); however, vibration effects still
cause tracking errors. In both Figs. 6 and 7, at the higher scan rate,
the dynamic effects adversely affect the tracking performance of
the piezoactuator. At 37-Hz scan rates (one-� fth the fundamental
mode of vibration), errors due to the vibrations are substantial and
the scan-path trackingis poor. In Fig. 8, the additionof PD feedback
control improves the low scan rates (18.5 Hz) but fails to signi� -
cantly suppress the vibrationsof the higher scan rate (37 Hz). Thus,
the fundamental vibrational frequency of the piezoactuator system
limits the achievable scan rates. Increases in the fundamentalvibra-
tional frequency of the piezoactuator system and thereby increases
in the tracking bandwidth can be achieved, for example, by short-
ening the piezoactuator.However, this tends to reduce the achieved
positioning ranges. Therefore large range and high bandwidth are
not achievable at the same time due to vibrational considerations.12

In contrast, Fig. 9 shows that the addition of inversion-based feed

Fig. 5 Desired scan trajectories where T is the scan period. The desired
position trajectory is twice differentiable.
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Fig. 6 Scan-path tracking without vibration and without hysteresis compensation. Although reasonable tracking is achieved for the 18.5-Hz scan
rate, the vibrations result in a loss of tracking at the 37-Hz scan rate.

Fig. 7 Scan-path tracking with hysteresis compensation but without vibration compensation. Structural vibrations still cause loss of tracking for the
37-Hz scan rate.
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Fig. 8 Scan-path tracking with hysteresis compensation and PD feedback but without vibration compensation. The addition of feedback (compared
with Fig. 7) improves tracking but not suf� ciently at the 37-Hz scan rate.

Fig. 9 Scan-path tracking with vibration and with hysteresis compensation but without feedback compensation. The addition of vibration compen-
sation substantially improves tracking performance (compared with tracking for 37 Hz in Figs. 7 and 8).
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Fig. 10 Scan-path tracking with vibration and hysteresis compensation and PD feedback. With the addition of PD feedback, tracking is achieved at
frequencies even beyond the fundamental vibrational frequency.

Fig. 11 Comparison of applied voltage to piezosystem for a 37-Hz scan rate. The magnitudes of the modi� ed inputs are similar to the magnitude of
the unmodi� ed input but result in substantial performance improvements in tracking.
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forward with hysteresis compensation substantially improves the
tracking of the piezoprobe. In particular note that these signi� cant
improvements in positioningare achievedwith appliedvoltagesthat
have similar magnitudes (see Fig. 11). To illustrate the ef� cacy of
the approach,we show the positioning results for a 75-Hz scan rate,
at which tracking is not possible without vibration compensation
(see Fig. 9). Even at 150 Hz, only minor deviations in scan-path
tracking are observed, and path tracking is still comparable to that
achieved by the other two techniques at much lower scan rates (for
example, compare the 150-Hz scan rate in Fig. 9 with the 18.5-Hz
scan rates in Figs. 6 and 7). With the addition of PD feedback con-
trol to the inversion-basedapproach(to correct for modeling errors),
the performance is improved further. The precision of tracking at
150 Hz is improved, and tracking is achieved even at the resonant
frequency of the piezosystem (see Fig. 10).

These improvements in scan-path tracking are achieved because
both the hysteresis nonlinearities and the structural dynamics are
included in the computationof the feed-forward input to the piezo-
probe. Previous works14;22 and our experimental results have veri-
� ed that hysteresiscompensation(used alone) improves the tracking
performanceof the piezoprobeat low frequencies (such as 1 Hz for
our system), but at higher frequencies the errors due to the struc-
tural vibrationsof the piezosystembecome more dominant than the
errors due to hysteresis effects. Thus, for a � xed scan rate the hys-
teresis compensation becomes important when larger scan ranges
are needed. In contrast, if the scan range is kept � xed and the
scan rates are increased, then the vibration compensation becomes
more important. In conclusion, to achieve both, high precision and
high speed, combined hysteresis and vibration compensation is
needed.

The experimental results show that it is possible to achieve pre-
cision scanning of piezoprobes at their fundamental vibrational
frequency(i.e., the bandwidthof the piezoprobehaseffectivelybeen
increased from one-tenth the fundamental frequencyof vibration to
the fundamental frequency). If shorter piezos with 1–5 kHz fun-
damental vibrational frequencies are used—as is typical in scan-
ning tunneling microscopy12;28—then scan rates can be increased
further.

Note that, at present, the only limitation to increasingthe scan rate
andprecisionis themodelingerror. It is expectedthat,by usingmore
detailed models of both the hysteresis nonlinearities and higher-
order dynamics of the piezoprobe, the scan rates can be increased
further with increased precision. These are currently under study.

V. Conclusion
The inversion-basedapproach is used to successfullycompensate

for two of the fundamental limitations when using piezoactuators
for precision positioning: nonlinear hysteresis and structural vibra-
tions. The hysteresiswas modeled as an input nonlinearity, and the
resulting linearized system (vibrational dynamics) was inverted to
� nd input voltages that achieve exact tracking of a desired position
trajectory.Experimental results show that signi� cant improvements
in precision tracking are possible with an order of magnitude in-
crease in tracking bandwidth; a bandwidth approaching the � rst
fundamental vibrational frequencyof the piezoactuatorsystem was
experimentally demonstrated.
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